One considers a linear composite materials (CM), which consists of a homogeneous matrix containing a random set of heterogeneities. An operator form of solution of the general integral equation (GIE) for the general cases of local and nonlocal problems, static and wave motion phenomena for composite materials with random (statistically homogeneous and inhomogeneous, so-called graded) structures containing coated or uncoated inclusions of any shape and orientation with perfect and imperfect interfaces and subjected to any number of coupled or uncoupled, homogeneous or inhomogeneous external fields of different physical nature. The GIE, connecting the driving fields and fluxes in a point being considered and the fields in the surrounding points, are obtained for the random fields of heterogeneities in the infinite media. Estimations of the effective properties and both the first and second statistical moments of fields in the constituents of CMs are presented in a general form of perturbations introduced by the heterogeneities and taking into account a possible imperfection of interface conditions. The solution methods of GIEs are obtained without any auxiliary assumptions such as the effective field hypothesis (EFH), which is implicitly exploited in the known methods of micromechanics. Some particular cases, asymptotic representations, and simplifications of proposed methods are presented for the particular constitutive equations such as linear thermoelastic cases with the perfect and imperfect interfaces, conductivity problem, problems for piezoelectric and other coupled phenomena, composites with nonlocal elastic properties of constituents, and the wave propagation in composites with electromagnetic, optic and mechanical responses.
Introduction
The prediction of the behavior of composite materials in terms of the properties of constituents and their microstructure is a central problem of micromechanics, which is evidently reduced to the estimation of fields in the constituents. Appropriate, but by no means exhaustive, references for the estimation of effective elastic moduli of statistically homogeneous media are provided by the reviews Shermergor (1977) , Mura (1987) , Nemat-Nasser and Hori (1993) , Torquato (2002) , Milton (2002) , Buryachenko (2007a) , Li and Wang (2008) , Kanaun and Levin (2008) and Dvorak (2013) . It appears today that variants of the effective medium method (EMM, Kröner, 1958; Hill, 1965) and the Mori-Tanaka method (MTM, Mori and Tanaka, 1973; Benveniste, 1987; Weng, 1990) are the most popular and widely used methods. Recently a new method has become known in the literature, namely the multiparticle effective field method (MEFM) that was put forward and developed by the author (see for references Buryachenko, 2007a ). The MEFM is based on the theory of functions of random variables and Greens functions. Within this method one constructs a hierarchy of statistical moment equations for conditional averages of the stresses in the inclusions. The hierarchy is then cut by introducing the notion of an effective field according to which each heterogeneity is located inside a homogeneous so-called effective field. This way the interaction of different inclusions is taken into account. Thus, the MEFM does not make use of a number of hypotheses which form the basis of the traditional one-particle methods.
It is interesting that there are known the counterparts of the mentioned methods applied to CMs with another constitutive laws. Except for notations, these methods coincide with the corresponding methods of linear thermoelasticity. In light of the analogy mentioned, the general operator representation of known methods for different microinhomogeneous structures is of profound importance in both practical and theoretical sense. The current paper is dedicated to generalization of the mentioned results to its operator form for the general cases of local and nonlocal problems, static and wave motion phenomena for composite materials with the random (statistically homogeneous and inhomogeneous, socalled graded) structures containing coated or uncoated inclusions of any shape and orientation with the perfect and imperfect interfaces and subjected to any number coupled or uncoupled, homogeneous or inhomogeneous external fields of different physical nature. Particular simplified and asymptotic cases of these methods are considered and qualitatively compared with the known methods for the different specific constitutive equations.
The sketch of micromechanics of random structures can be subdivided on a few steps. At first the so-called general integral equation (GIE) should be proposed. The GIE is the exact integral equation connecting the random fields at the point being considered and the surrounding points. There is a very long and dramatic history of development of GIE which goes back to Rayleigh (1892) . For the linear elasticity, Buryachenko (2001 Buryachenko ( , 2007a presented comprehensive review of the history of the classical GIE while Buryachenko (2010a,b) proposed the new GIEs forming a new background of micromechanics. The next step is formed by so-called methods of micromechanics (e.g., MTM, EMM, or MEFM) which are in fact the approximate solutions of these GIEs. It is worthy of note (see Buryachenko, 2013; Buryachenko, 2014c ) that some popular approaches (e.g., EMM and MTM) are related with GIEs (even if this term is not used) at least in a sense that these approaches constitute the methods of solutions of the GIEs. In its turn, the methods of micromechanics are based on the solutions for one (or a few) inclusion inside an infinite matrix subjected to the homogeneous remote field. After substitution of the last particular solutions into GIEs, the obtained equations are solved by the use of one or another closing assumption distinguished for the different methods. In the current paper, the presented sketch of micromechanics is generalized to the operator form for the general operator case of constitutive equations.
The outline of the paper is as follows. In Section 2 we present the statistical description of the composite microstructure and the basic field equations in the general operator form of linear constitutive equations covering nonlocal and coupled phenomena. In Section 3 the new operator form of GIE connecting the driving fields and fluxes in a point being considered and the fields in the surrounding points, are presented in terms of perturbators introduced by a finite numbers of heterogeneities in the infinite media. In Section 4 the operator form of GIEs is obtained for the effective fields acting on each pair of heterogeneities. In Section 5 some particular cases, asymptotic representations, and simplifications obtained in the framework of the popular micromechanical hypotheses and concepts are considered in parallel with analyses of its connection with the known methods (such as, e.g., MTM and MEFM). Section 6 is dedicated to obtaining of the general operator form of the method of integral equations for estimation of the second moments of fields in the phases. In Section 7 one considers the solutions for composites with the particular constitutive equations such as linear thermoelastic cases with the perfect and imperfect interfaces, conductivity problem, problems for piezoelectric and other coupled phenomena, composites with nonlocal elastic properties of constituents, and the wave propagation in composites with electromagnetic, optic and mechanical responses. For lack of space, at the consideration of the particular methods of solutions of GIEs in Section 7, the readers are referred only to the references where these solutions were already analyzed and where additional references (with the corresponding numerical and experimental data) can be found.
The current paper is dedicated to generalization of the previous results (Buryachenko, 2007b (Buryachenko, , 2010a (Buryachenko, ,c, 2011a ,c; Buryachenko and Brun, 2011 , 2012a ,b, 2013 to its operator form solution for the general cases of local and nonlocal problems, static and wave motion phenomena for composite materials with statistically inhomogeneous structures containing both the coated or uncoated inclusions of any shape and orientation with perfect and imperfect interfaces and subjected to any number coupled or uncoupled, homogeneous or inhomogeneous external fields of different physical nature. a belongs to a sample space A, over which a probability density pðx; aÞ is defined (see, e.g., Willis, 1981) . For any given a, any random function gðx; aÞ (e.g., g ¼ V; V ðkÞ ) is defined explicitly as one particular member, with label a, of an ensemble realization. Then, the mean, or ensemble average is defined by the angle brackets enclosing the quantity g hgiðxÞ ¼ Z A gðx; aÞpðx; aÞda:
ð2:1Þ
No confusion will arise below in notation of the random quantity gðx; aÞ if the label a is removed. One treats two material length scales (see, e.g, Torquato, 2002) : the macroscopic scale L, characterizing the extent of w, and the microscopic scale a, related with the heterogeneities v i . Moreover, one supposes that applied field varies on a characteristic length scale K. The limit of our interests for both the material scales and field one is L ) K P a: ð2:2Þ
All the random quantities under discussion are described by statistically inhomogeneous random fields. In parallel with the random indicator function Vðx; aÞ we use the random field V d k ðx À x j ; aÞ of delta functions placed in the inclusion centers x k . For the alternative description of the random structure of a composite material let us introduce a conditional probability density uðv i ; x i j v 1 ; x 1 ; . . . ; v n ; x n Þ, which is a probability densityfor finding a heterogeneity of type i with the center x i in the domain v i , given that the fixed heterogeneities v 1 ; . . . ; v n are centered at x 1 ; . . . ; x n (see, e.g., Willis, 1978) . The configuration ðv i ; x i Þ is completely described by a detailed marked density function uðv i ; x i j v 1 ; x 1 ; . . . ; v n ; x n Þ of the centers of an inclusion with mark v i (which can contain information about the inclusions such as the shape, size, orientation, and material properties) being placed at x i (see for details Section 5.3.1 in Buryachenko, 2007a) . The notation uðv i ; x i j; v 1 ; x 1 ; . . . ; v n ; x n Þ denotes the case x i -x 1 ; . . . ; x n . In the case of statistically inhomogeneous media with homogeneous matrix (for so-called Functionally Graded Materials, FGM, see, e.g., Markworth et al., 1995; Mortensen and Suresh, 1995) the conditional probability density is not invariant with respect to translation
...; v n ; x n þ xÞ; ð2:3Þ v m ; x m Þ=n ðkÞ depends on x m À x i only through j x m À x i j it is called the radial distribution function (RDF, see for references and details Buryachenko et al., 2012) . Additionally to the average hð:ÞiðxÞ, the notation hð:Þ j v 1 ; x 1 ; . . . ; v n ; x n iðxÞ will be used for the conditional average taken for the ensemble of a statistically inhomogeneousset X ¼ ðv i Þ at the point x, on the condition that there are heterogeneities at the points x 1 ; . . . ; x n and x i -x j if i -j (i; j ¼ 1; . . . ; nÞ. The notations hð:Þ j; v 1 ; x 1 ; . . . ; v n ; x n iðxÞ are used for the additional condition x R v 1 ; . . . ; v n . We will distinguish macro-coordinate x used above (with ''resolution'' equal to K) and micro-coordinate is fulfilled only for statistically homogeneous media subjected to the homogeneous boundary conditions; here the summation in the right-hand side is performed over the volume of the representative inclusions v q 2 v ðqÞ (q ¼ 1; . . . ; NÞ. If any of these conditions are broken then it is necessary to consider two sorts of conditional averages (see for details Buryachenko, 2007a Formula (2.7) is valid for any material inhomogeneity of inclusions of any concentration and any shape. In this relation (2.7), the total probability is expressed in term of conditional probabilities over portioned probability space. Obviously, the general Eq. (2.7) is reduced to Eq. (2.5) for both the statistically homogeneous media subjected to homogeneous boundary conditions and statistically homogeneous fields g (e.g., g ¼ r; e). which physical meaning needs not be prescribed here and the current notations (2.8) usually used in elasticity theory can have a different sense. In particular, we ca consider elasticity with e -displacement, r -external forces, or with e -strains, r -stresses, a -eigenstresses, or electrostatics with e -electric field, r -free charge, or e -electric field, r -electric induction, etc. In the case of ''strongly nonlocal'' (integral type) theory (see for references Buryachenko, 2011b,c) where the response operator L is defined by the kernel Lðx; yÞ while the transformation field is described by the function aðxÞ corresponding to an assumption (in the case of thermoelasticity) that the difference DTðyÞ ðT À T 0 Þ between the reference temperature T 0 ¼ const. and a current temperature T is uniform in space.
Because of this, the action of the kernel of nonlocal thermal expansion coefficient mðx; yÞ is reduced to the transformation strain tensor aðxÞ.
In the case of the local theory, the operator L is reduced to the tensor Lðx; yÞ ¼ LðxÞdðx À yÞ;
ð2:10Þ
where dðx À yÞ is the Delta function. In the framework of strongly nonlocal elasticity (Kröner, 1967; Edelen and Laws, 1971) , we follow a simplified theory for linear (macroscopically) homogeneous isotropic elasticity (see for references Eringen, 1999 Eringen, , 2002 Bazant and Jirasek, 2002) , which differs from the classical one in the constitutive relation (2.8) and (2.9) only, whereas the equilibrium and compatibility equations remain unaltered. The current interest in nonlocal simulation is driven largely by a practical need in the design, fabrication and characterization of nanocomposites containing heterogeneities with at least one size of nano length scale. In the event of the coupled multifield linear response, the appli- Milgrom (1990) and Milgrom and Shtrikman (1989) by the use of analysis of some energy function and Onsager reciprocity relations. For the sake of definiteness, in the 2-D case we will consider a plane driving field problem. At first no restrictions are imposed on the material symmetry of the phases or on the geometry of the heterogeneities. 
ð2:13Þ which are reduced to the algebraic relations for the local properties
is the unit tensor combined from the unit I a (a ¼ 1; . . . ; M) fourthorder and second-order tensors for the vector (2.11 1 ) and scalar (2.11 2 ) potentials, respectively. We introduce a comparison body, whose mechanical properties g c ðg ¼ L; M; a; bÞ denoted by the upper index c and g c will usually be taken as uniform over w, so that the corresponding boundary value problem is easier to solve than that for the original body.
All tensors g ðg ¼ L; M; a; bÞ of material properties are decom- 
Þ is the delta function of random set of heterogeneities centers (called also density field, see Stratonovich, 1963; Ponte Castañeda and Willis, 1995 Willis, 1978) are attributed to Hashin and Shtrikman (1962) and Hill (1963b) The interfaces between the constituent phases of CM are classically assumed to be perfect. If the phases are perfectly bonded, the potential u and the traction tðxÞ rðxÞ Á nðxÞ components are continuous across the interphase boundaries, i.e. 
respectively, described by the different models of interface imperfections. One usually assumes that either 
which are reduced to the classical results by Hill (1963a) and Levin (1967) which produce the perturbations of the fields eðxÞ; rðxÞ, and uðxÞ, respectively, in the point x due to the insertion of the heterogeneity center into the point
gÞ, and L us k ðx À x k ; b sÞ on sðxÞ; gðxÞ (x 2 v k Þ, respectively, and f 1 ðxÞ (x 2 v k Þ; suðxÞt (x 2 C u k Þ, and
gÞ, and L us k ðx À x k ; b sÞ are the generalizations of multiplications of the corresponding Green's functions and some polarizations of a point defect to the impacts of heterogeneity v k of the finite size with the possible imperfection of boundary conditions. In particular, the perturbators can be presented through the Green's functions for the perfect interface conditions (see Eq. (2.24)) and can be modified for the case of imperfect interface (see Eqs. (2.25) and (2.26)) in the following manner (see for details Buryachenko, 2013 ) Kröner, 1977) , while the tensor of the ''fundamental traction'' T on C u k (called also Kupradze tensor, see, e.g. Ballas et al., 1989) associated with the tensor of ''fundamental displacement'' G is given by T ir ðx; sÞ ¼ L ijpq n 
ð3:7Þ which can be established by the substitution of both the constitutive law (2.8) and the identities The mentioned perturbators (3.1)-(3.3) and (3.10)-(3.12) can be found by any available numerical method, such as e.g. the volume integral equation (VIE), boundary element method (BEM), FEM, hybrid FEM-BEM, multipole expansion method, complex potential method, and other (see for references Buryachenko, 2007; Ghosh, 2011; Liu et al., 2011; Kushch, 2013; Sejnoha and Zeman, 2013) . Each method has advantages and disadvantages and it is crucial for the analyst to be aware of their range of applications. In particular, the VIE method for the ideal contact conditions enables one to restrict discretization to the inclusions only (in contrast to the FEA), and an inhomogeneous structure of inclusions (see, e.g., Chen et al., 1990; Jayaraman and Reifsnider, 1992; You et al., 2006) presents no problem in the framework of the same numerical scheme (compared to the standard BEM). The VIE method (see Buryachenko, 2010c) has well developed routines for the solution of integral equations (such as, e.g., the iteration method and the quadrature schemes) and allows to analyze arbitrary inhomogeneous fields e 0 ðxÞ and r 0 ðxÞ. However, the VIE method is quite time-consuming and no optimized commercial softwares exist for its application. From other side, the FEM is supported by well developed commercial softwares and gives strong advantages in term of CPU-time. The FEA is especially effective for estimations of perturbators at the constant fields e 0 ; r 0 = const. (see e.g., Buryachenko and Brun, 2011 , 2012a ,b, 2013 
ð3:16Þ 
General integral equations
Buryachenko (2013) proposed the new general integral equations (GIEs) eðx; aÞ ¼ heiðxÞ þ 19Þ rðx;aÞ ¼ hriðxÞ þ
for the operator forms of the perturbators L
gÞ presenting notations of the numerical solutions (3.1) and (3.2) which are quite general and not related with its concrete numerical representation. We only need to know that L 
. . . ; nÞ. Hereafter for contraction of calculations, we introduce the substitutions ðe; rÞ $ #; ðs; gÞ $ f; ða; bÞ $ c ð3:24Þ
) and the subsequent equations with the variables #; f, and c are reduced to the corresponding equations for the driving field e and flux r. The definitions of the effective fields # i ðxÞ; e # 1;2;...;n ðxÞ as well as their statistical averages h# i iðxÞ; h e # 1;2;...;n iðxÞ are nothing more than a notation convenience for the different terms of the infinite system (3.21)-(3.23), respectively.
Then, considering some conditional statistical averages of the general integral equations (3.19) and (3.20) leads to an infinite system of new integral equations ðn ¼ 1; 2; . . .Þ h# j v 1 ; x 1 ; . . . ; v n ; x n iðxÞ À
ð3:25Þ
Since x 2 v 1 ; . . . ; v n in the n-th line of the system can take the values inside the inclusions v 1 ; . . . ; v n , the nth line actually contains n equations. Statistical averaging hðÁÞi i stands for the averaging over all surrounding heterogeneities at the fixed v i , while the average hðÁÞiðx j Þ implies the averaging over all possible location of v i with possible dependence of this average on the macrocoordinate x i as for FGMs. Introduction of both the effective fields (3.21) and another sort of the perturbators (3.10) and (3.11) makes it possible to recast the GIE (3.25) in terms of the effective fields (x 2 v k ; k ¼ 1; 2; . . .) h# j v 1 ; x 1 ; . . . ; v n ; x n iðxÞ À
ð3:26Þ
It should be mentioned that for the perfect interface (2.24), and the integral representations of the perturbators (3.22) and (3.23), the new GIEs (3.19) and (3.20) can be presented through the Green functions
Some particular cases and approximate GIEs
Contrary to the new GIEs having both the operator form (3.19) and (3.20) and the Green's function representation (3.27) and (3.28), the classical GIEs are only known in the form expressed through the Green's functions (for the case of the local elasticity (2.10) and p; b 1 ; f 1 0 being considered, a comprehensive review can be found in Buryachenko, 2007a) eðxÞ ¼ heiðxÞ þ which goes back to Rayleigh (1892) who considered effective conductivity of periodic system containing a square arrays of cylinders or cubic lattices of spheres. Moreover, for a particular case of the field X bounded in one direction (such as a laminated structure of some real FGM, see, e.g., Plankensteiner et al., 1996, and Chapter 12 in Buryachenko, 2007), Eqs. (3.19) and (3.20) are reduced to the equations Buryachenko, 2007 Buryachenko, , 2010b Buryachenko, , 2014c and any of them can not be recognized as a mathematically rigorous method. In particular, one way of modifying such a conditionally convergent integrals resulted by the long-range interactions is the so-called method of normalization (or renormalization, in analogy to its use in quantum field theory) achieved by subtracting from Eqs. (3.35) (and (3.36)) the conditionally convergent behavior which is asymptotically close to Uðx À yÞsðyÞ at jx À yj ! 1. The renormalization procedure (see, e.g., Batchelor, 1972; Jeffrey, 1973; Willis and Acton, 1976) consists in subtraction out of the conditionally convergent term by making use of an expression that has the identical convergence properties as the term presenting the difficulty, but which also has a limiting value that is known.
Comparing non-renormalized (3.35) and (3.36) and renormalized (3.33) and (3.34) equations, (McCoy, 1979 (McCoy, , 1981 suggested that one can formally remove the conditionally convergent term appearing in the former by simply setting them equal to zero. There are well-known non-canonical regularizations proposed by Kroner, 1974 (see also Kröner, 1986) and independently reproposed by Kanaun (1977) (see also for references Kanaun and Levin, 2008) 
for the first and the second boundary-value problem, respectively; h is an arbitrary constant symmetric second-order tensor. Thus, in the light of the note by McCoy (1979 McCoy ( , 1981 , the ''non-canonical regularizations'' (3.37) and (3.38) can be considered as some sort of the renormalization method. Buryachenko (2001 Buryachenko ( , 2007a proved that the correctness of these regularizations (3.37) and (3.38) is questionable. The renormalizing term Uðx À yÞhsi in Eq. (3.33) is attributed as obtained by O'Brian (1979) at the condition (3.31) through the application of the Gauss theorem to some boundary integral involved although this conversion was independently proposed by Khoroshun (1974) (see also Khoroshun, 1978) . From the other side, Eq. (3.33) was obtained by Shermergor (1977) by proposing a more general centering method. Another widely used simple technique (see Levin, 1975 Levin, , 1976 Willis, 1983; Sevostianov et al., 1998 and the references in Kanaun and Levin, 2008 
We can transform Eqs. (4.1) and (4.2) into the following ones
defining the perturbator L h i;j ðx À x j ; e # i;j Þ which can be found by any numerical method (e.g., such as BIE and FEA, complex potential method and others) analogously to the operator
3) act on the effective fields e # i;j ðxÞ at x 2 v i and x 2 v i ; v j , respectively, and the kernel of the operator L i;j ) with the kernel Dðx; yÞ on the inhomogeneous functions gðyÞ (e.g., gðyÞ ¼ h e # i;j iðyÞ; h# j iðyÞ; 
General representations for the effective fields
Fixing the inclusion v i in the composite material produces the random effective field # i ðxÞ (3.26) which can be recast for n ¼ 1 No restrictions are imposed on the microtopology of the microstructure and the shape of inclusions as well as on the field inhomogeneity inside the inclusions. However, the main computational advantage of the proposed Eq. (4.17) lies in the fact that such fundamental notion of micromechanics as the Green's function is not exploited, and we can analyze any anisotropy of constituents (including the matrix) as well as any shape and any composite structure of inclusions. We constructed Eq. (4.17) by the use of some building blocks described by the numerical solutions for both one and two inclusions inside the infinite medium subjected to the homogeneous loading at infinity. Just at some additional assumptions, the tensors mentioned above can be expressed through the Green's function, Eshelby (1961) tensor and external Eshelby tensor. Eq. (4.17) is exact and involves two sorts of statistically averaged effective fields h# i iðxÞ and h e # i;j iðxÞ which can be found from the infinite hierarchy of equations analogously to the system (3.26). These truncated hierarchies of equations will be limited by Eq. (4.17) and analyzed for both the random and periodic structures by the use of the closing assumption considered in the next subsection.
Some particular cases, asymptotic representations, and simplifications
Although the equations in Sections 3 and 4 are fulfilled for statistically inhomogeneous media subjected to inhomogeneous loading, in the next sections, the GIEs presented will be only applied to statistically homogeneous media subjected to the homogeneous remote loading for estimations of both the concentration factors inside a representative heterogeneity and effective properties.
Closing assumption
For the closing of Eq. (4.17) we will use the following hypothesis:
Hypothesis H2a. Each pair of inclusions v j and v j is subjected to the inhomogeneous field e # i;j ðxÞ, and statistical average h e # i;j iðxÞ is defined by the formulae h e # i;j iðxÞ ¼ h# k iðxÞ ð 5:1Þ
The refined version of the closing assumption (5.1) of the MEFM proposed by Buryachenko (2007b) takes into account both the three-point correlation functions and dependence of the effective fields acting on each pair of heterogeneities v i and v j on the dis-
The adoption of hypothesis H2a makes it possible to reduce Eq. Buryachenko (2010c) for the locally elastic case.
The hypothesis H2a, rewritten in terms of the fields #ðxÞ, (x 2 v i ), is a standard closing assumption (see for references, e.g., Willis, 1981; Buryachenko, 2007a; Kanaun and Levin, 2008) degenerating to the ''quasicrystalline'' approximation by Lax (1952) which ignores the binary interaction of heterogeneities and assumes homogeneity of the effective fields: Hypothesis H2b, ''quasi-crystalline'' approximation. It is supposed that the mean value of the effective field at a point x 2 v i does not depend on the field inside surrounding heterogeneities
h# k iðxÞ const: ð5:8Þ
In the framework of the EFH H1 (see for details Section 5.2), the principal difference between the hypotheses H2a (5.1) and H2b (5.8) (see for details Chapter 13 by Buryachenko, 2007a ) is beyond the scope of the direct substitution of the field #ðxÞ for the effective field #ðxÞ. Of more importance is an acceptance of the assumption (5.1) after the consideration of multiparticle inclusion interactions (4.10) rather than before as in hypothesis (5.8). What seems to be only a formal trick yields to the discovery of fundamentally new nonlocal effects in the theory of Functionally Graded Materials, which was demonstrated in Chapter 13 by Buryachenko (2007a) for the locally elastic case. However, even for statistically homogeneous composites, it was shown that the use of the assumption (5.1) instead of (5.8) can lead to a variation of the concentration factors by a factor of two or more.
It is possible a straightforward generalization of ''quasicrystalline'' approximation by Lax (1952) (5.8 1 ) when the assumption (5.8 2 ) is relaxed: h# k iðxÞXconst at x 2 v k , (k ¼ i; j; a case of the local elasticity was considered by Buryachenko, 2010c) For local elasticity this method uses as a background the new GIE (3.27) and (3.28) proposed by Buryachenko (2010b) and makes it possible to abandon the basic concepts of micromechanics: effective field hypothesis, and the hypothesis of ''ellipsoidal symmetry'' (see Section 5.4). The results of this abandonment for local elasticity were quantitatively estimated for some modeled composites reinforced by aligned continuously inhomogeneous fibers. Some new effects were detected that were impossible in the framework of the classical background (3.29) and (3.30) of micromechanics.
Effective field hypothesis H1a and initial approximation
In order to find an initial approximation of Eqs. (5.3) and (5.10) we now apply the so-called effective field hypothesis which is the main approximate hypothesis of many micromechanical methods (see for references and details Buryachenko, 2007a Buryachenko, , 2014c 
ð5:12Þ
where the linear operators J h i;j and J h1 i;j (5.3) are decomposed and reduced to the tensors (4.14) at the applying to the constant effective fields (5.11) Volume averaging over x 2 v i of Eq. (5.12) leads to the closed integral equation with respect to an inhomogeneous over macrocoordinate x i of the effective fields h# i iðx i Þ. For the case (considered hereafter) of statistically homogeneous media (2.3) subjected to the homogeneous boundary conditions (2.28) and (2.30) when h# i iðx i Þ h# i i const., this integral equation is reduced to the algebraic one
with the solution 
ð5:21Þ
After estimating the average polarization tensors inside the inclusions, see Eqs. (3.13), (3.14), (4.14) and (5.21), the problem of calculating the effective properties becomes trivial and leads, according to (5.7), to the following new representations: 
It should be mentioned that the effective field h#i i ðxÞ (5.21) is an inhomogeneous one while this field was assumed to be homogeneous in the initial version of the MEFM (see Buryachenko, 2007a,b) . Because of this the tensors hfi i ðxÞ; h#i i ðxÞ -const. even for the linear elastic problem for the homogeneous ellipsoidal inclusions when R 
28Þ 
ð5:33Þ
Here the volume average of b fðyÞ (y 2 v i ) over the volume of v i denoted as b f ðiÞ is considered below. It is interesting that hypothesis H1a is equivalent to 
46Þ
with the known point approximation ) and (5.50) (which is simultaneously the most crude) was implicitly used by many authors for some particular problems (see for early references, e.g., Beran and McCoy, 1970) including some sort of centering (see Zeller and Dederichs, 1973) . A quantitative analysis of results obtained by the use of some representations (5.42)-(5.44) was performed by Buryachenko (2010c) for the local uncoupled elasticity.
Approximate representation of some tensors and operators. Some asymptotic representations
Effective field hypothesis H1a means that for the r's components ('s components can be presented analogously) J 
and the matrix Z À1 has the elements To make further progress, the hypothesis of ''ellipsoidal symmetry'' for the distribution of inclusions attributed to Willis (1977) (see also Khoroshun, 1972 Khoroshun, , 1974 Khoroshun, , 1978 Ponte Castañeda and Willis, 1995) is widely used:
Hypothesis H3, ''ellipsoidal symmetry''. The conditional probability density function uðv j ; x j j; v i ; x i Þ depends on x j À x i only through the combination q ¼ jða A destination of the hypothesis H3 is directed towards providing conditions for applying the hypothesis H1 (see for details Brun, 2011, 2012a) . The use of the satellite hypothesis H3 has no sense without the hypothesis H1. If the hypotheses H1, H2b, and H3 hold for the statistically homogeneous material and the field problems then the effective properties L Benveniste (1987) (see also Weng, 1990) for the case of the local elasticity (2.10) and b 1 ; f 1 0, the essential assumption in the Mori and Tanaka (1973) At last, the effective medium method (EMM, see a linear elastic counterpart proposed by Kröner (1958) and Hill (1965) , also called the self-consistent method, is based on the following hypothesis: each inclusion x 2 v i in the composite material behaves as an isolated one in a homogeneous medium whose properties coincide with the effective properties of the whole composite: #ðxÞ #ðxÞ ¼ h#iðxÞ h#iðxÞ þ h#iðxÞ h# #iðxÞ ¼ h#iðxÞ h#iðxÞ þ h#iðxÞ
centers of v q ; . . . are located in the points x q ; . . ., whereas the matrix material appears at the point x 0 . In analogy to the above considerations we obtain
In contrast to (6.7) the second field moment in the matrix, (6.12), does not depend on x 0 2 v 0 . A more approximative estimation of the second moment h# #i 0 can be obtained in direct analogy to (6.10) and (6.11) by replacing v i ; x i by v 0 ; x 0 . So, in the framework of the effective field hypothesis H1 (see Eqs. (5.3) and (5.4)), we have
''Far field approximation'' leads to the following simplification of Eq. (6.13)
The new representations (6.7) and (6.13) of the field second moments are exact and depend on both the triple and double interactions of heterogeneities. The Eqs. (6.7) and (6.13) do not depend on which basic integral equations either (3.28) or (3.30) they were obtained although the values b fðx 2 v p ; v q Þ in the right-hand side of the Eqs. (6.7) and (6.13) depend on the estimations used either Eq. (3.28) or Eq. (3.30). Their most strong simplifications were obtained in the framework of far field approximation (6.11) and (6.14) which depend only on the average polarization tensors inside heterogeneities h b f ðpÞ i. More accurate simplifications of the righthand sides of Eqs. (6.7) and (6.11) can be established in the framework the scheme proposed by Buryachenko (2011a) for the linear elastic composites with the local constitutive laws.
7. Some particular cases of the perturbators and corresponding tensors for some constitutive laws
We will consider in this section the some particular schemes of generations of the perturbators and its analytical asymptotic representations for some constitutive laws and heterogeneities shapes. Some of these particular schemes were proposed by the author before and shortly summarized in this section for clarification of unified presentations of particular problems.
Thermoelastic composites with perfect interface
We will consider the local basic equations of thermoelastostatics ðbðxÞ 0) of composites with no body forces acting ðfðxÞ 0) and the perfect interface conditions (2.24) where Â is the vector product. It is assumed that the properties of both the comparison medium and the matrix coincide (2.23). In such a case, only the first integrals in Eqs. (3.4)-(3.6) do not vanish and
ð7:4Þ
For the ellipsoidal heterogeneities (no sum on k)
x m ða À2 Þ ml x l 6 1; a kl :¼ a k d kl ; ð7:5Þ the tensors P i ðxÞ and Q i ðxÞ are constant inside the domain (7.5)
x 2 v i and represented through the Eshelby, 1961 tensor S i in the framework of the hypothesis H1a, the kernels of the operators B h i and the tensors C h (h ¼ ; r) are expressed through the tensors (7.6) (x; y 2 v i ) Buryachenko (2013) has indicated that it is expected to get a larger difference (which can reach infinity with the change of the sign of predicted local statistical average fields) between the results obtaining by the use of either Eqs. (3.27), (3.28) or (3.33), (3.34), respectively, for composites reinforced by heterogeneities demonstrating greater inhomogeneity of field distributions inside heterogeneities. The last inhomogeneity can be produced by any one (or a few) reason including such as, e.g., nonellipsoidal shape of heterogeneities, inhomogeneity of its properties (e.g. laminated structure or imperfect interface), binary interaction of heterogeneities, inhomogeneity of external loading (2.28), statistical inhomogeneity of composite structure (2.3), nonlocal constitutive laws (2.8), dynamic effects, effect of size boundness of CM. In so doing, a difference of effective properties estimated by the use of either Eqs. (3.27), (3.28) or (3.33), (3.34), respectively, is not significant. So, Buryachenko (2010b) proved that for aligned identical ellipsoidal homogeneous inclusions (7.5), (7.7) and acceptance of the hypotheses H1a, H2b, and H3, the estimations ( (5.48) should be found in general by any available numerical method (e.g. by FEA, see for details Brun, 2011, 2012a,b) .32)). As can be seen, the local stresses predicted by NA (used less restricted assumptions) and classical methods are distinguished by a sign that is critical for a wide class of nonlinear phenomena (such as, e.g., strength and plasticity).
However, the superiority of NA over the classical approaches can be more visually demonstrated for the problem which can be solved by NA exactly without any assumption. Namely, let us analyse (see for details Buryachenko and Brun, 2012a ) the 2D problem with the same geometrical parameters considered in the previous paragraph and mechanical properties E .57)) and without hypothesis H1a while a variation of a field dispersion (6.5) and (6.11) along a cross section of the inclusion x 2 v i can reach 80%. In so doing, the corresponding effective material properties are not too different from one another. The mentioned scheme can be directly applied for the composites with non-ellipsoidal inclusion shape and the abandoned hypothesis H3 while rejection of the hypothesis H1b will lead to significant increasing of a computing performance. It should be mentioned the fundamental role of the statistical averages of the second moments of stress concentration factors which are critical in the popular nonlinear analyses due to the fact that both the yield surface, fiber/matrix interface failure criterion and the energy release rate are the quadratic functions of the local stress distributions. The perturbation method was developed for the exact estimation of all components of the second moment tensor h# #i i averaged over the volume of components v i & v ðiÞ (for the elastic case see for references and details Buryachenko, 2007a) . It is found that the second moment of the field is a constant within the inclusions if a homogeneity of some random effective fields #ðxÞ const. (x 2 v i ) in the neighborhood of each ellipsoidal inclusion was additionally assumed. Exploiting of the method of integral Eqs. (6.11) makes it possible to estimate inhomogeneous second field moment h# #i i ðxÞ (x 2 v i ) inside inclusions. Eqs.
(6.10), (6.11) and (6.13), (6.14) are the operator generalization of corresponding representations by Buryachenko (2011c) proposed for the integral representations of corresponding perturbators (3.4), (3.5). It was demonstrated that an effective field dispersion (6.4) inside the circle identical inclusions at c ¼ 0:7 is reached 80%. It is possible generalization of the mentioned results by Buryachenko (2011c) to the case of non-ellipsoidal shape of inclusions with imperfect interface.
Thermoelastic composites with imperfect interface
In the case of imperfect interface, Eqs. (7.1)-(7.3) should be complemented by the boundary conditions at the imperfect interface (2.25) and (2.26) described by the next models. The first kind of model can be referred to as interface models in which the traction is continuous across the interface x 2 C u i while the displacement is in general discontinuities at x 2 C u i such as, e.g., in linear spring model (LSM, see, e.g., Hashin, 1991a Hashin, , 2002 Dvorak and Benveniste, 1992 ; additional references can be found in Buryachenko, 2013) srt Á n ¼ 0;
ð7:10Þ
where t s P s Á r Á n and t n P n Á r Á n represents the shear and the normal traction at the interface, respectively, and P n ¼ n n and P s ¼ d À P n are the two orthogonal complementary projection operators of the second order. a ¼ a n n n þ a s s s þ a t t t and
t t are the interface compliance parameters and interface eigenstrain, respectively, where a n ; a s ; a t (a s ¼ a t ) and b i n ; b i imply the perfect boundary interface, dislocation-like model, and the free-sliding model. The conditions (7.10) were generalized to a cohesive zone model (CZM) originated by Barenblatt (1962) (see for references Buryachenko, 2013) , where nonlinear springs with a specific traction-displacement law are considered at the interface.
The second kind of interface model (called interface stress model, ISM, or coherent interface model), which can be viewed as dual with respect to the linear spring-layer model, was in general considered by Gurtin and Murdoch (1975) and applied to the nanoparticles with extension of Eshelby formalism (see for references Buryachenko, 2013 .12) reduces to the usual traction continuity equation of classical elasticity (2.24). At last, the third kind is the interphase model which describes the interface region as a layer, called an interphase, perfectly contacted (2.24) with the heterogeneity and matrix (see for references Buryachenko, 2007a) .
The known micromechanical models used the LSM, CZM, and ISM mentioned above are based on the classical background forming by the hypothesis H1 when the effective properties are defined by the tensors averaged over the volume of heterogeneities: B Precisely MTM is totally dominated in micromechanics of composites with imperfect interface (see for references Buryachenko, 2013 Buryachenko, , 2014c described by either the LSM, CZM, or ISM although some other methods are also just the particular cases of the classical version of the MEFM based on the hypotheses H1a, H1b, H2a (rather than H2b), and H3. It is interesting, that the most advanced model of composites with the CZM interface was developed for the modeling of the heterogeneous solid propellants (HSPs) in the framework of the MTM (see for references Tan et al., 2007a,b) . However, the distinguishing feature of the HSPs is a high volume fraction (>90%) of spherical stiff particles with multimodal distribution (see for references Buryachenko, 2012) when the MTM is totally second to the MEFM even for the perfect interface (2.22) (see for details, Buryachenko, 2012) . A direct incorporation of the tensors R h i into the advanced MEFM taking into account a binary interaction of particles with multimodal size distribution is straightforward (see for details, Buryachenko, 2007a Buryachenko, , 2012 .
Exploiting of the new background (3.26) is even more attractive because this background (in opposite to the classical one (3.29), (3.30)) is sensitive to the field inhomogeneity inside the particles generated, in general, by the imperfect interface conditions. In so doing, it does not invite further investigation additionally to research already performed for one particle solution (3.1) and (3.2) with either the LSM, CZM, or ISM interface. Indeed, the use of averaged tensors R h i (5.40), (5.41) implies that the tensors R h i ðxÞ are previously estimated that in its turn means that the tensors L h i ðx À x i ; #Þ (3.10) and (3.11) are found. Therefore, we can immediately exploit either Eqs. (5.10), used hypotheses H1a and H2b) or Eqs. (5.3)-(5.5) (used hypotheses H1a and H1b at n ¼ 2). Subsequent improvement of the mentioned methods is related with abandonment of hypothesis H1a when variation of the effective fields h#i i ðyÞ ðy 2 v i ) can be estimated by the iteration method analogously to the counterpart problem for CM with a perfect interface (see for details Buryachenko, 2010c Buryachenko, , 2013 .
Coupled problems of composites
We will consider the general integral equations for the coupled problems at the example of thermoelectroelasticity equations for CMs. For notational convenience the elastic and electric variable will be treated on equal footing, and with this in mind we recast the local linear constitutive relations of thermoelectroelasticity for this material (see, e.g., Maugin, 1988; Parton and Kudryavtsev, 1988; Kanaun and Levin, 2008) in the notation introduced in Barnett and Lothe, 1975) . Then the basic equation can be presented in the form analogous to Eqs. (7.1)-(7.3):
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here D and E are the vectors of induction and electric field intensity, h is a deviation of a stationary temperature field from a given value, k and b are the tensors of dielectric permeability and impermeability, q is the pyroelectric coefficients, e and d are the piezoelectric moduli, and / is the electric potential. To obtain a symmetric matrix of coefficients we replaced the electric field E by ÀE, and the tensors k and b by Àk and Àb on the right-hand sides of (7.14). It is assumed that the properties of both the comparison medium and the matrix coincide. Except for notations, these Eqs. (7.13)-(7.16) of the theory of piezoelectric CM (PCM) coincide with the equations of linear thermoelasticity (7.1)-(7.3). In light of the analogy mentioned, we will not consider in detail the GIEs and average schemes of PCM, one may refer instead to the appropriate schemes of Section 7.1 (see also Buryachenko, 2007a) . In particular, the case LðxÞ; eðxÞ 0 (7.16) corresponds to the transfer equations (Fourier, Ficks, Ohm, Darcy, etc., see for references Batchelor, 1974; Halle, 1976; Landauer, 1978; Furmañski, 1997) . In particular, the conductivity counterparts of Eq. (3.35) for both statistically homogeneous (Pfeil and Klingenberga, 2004) and inhomogeneous (Yin et al., 2007) composites were performed with the same questionable justifications critically analyzed in Section 3.3 for elastic problem (see also Chapter 12 in Buryachenko, 2007a) .
A comprehensive review with numerous references related with universal relations in piezoelectric (and thermo-magnetoelectro-elastic) composites can be found in Chapter 17 in Buryachenko (2007a) (see also Qin and Yang, 2008) where one also presented the references dedicated to straightforward generalization of the known methods of micromechanics of linear elastic static composites: the multi-inclusion model, conditional moment method, generalized singular approximation, effective medium method, MEF, MTM, and the MEFM to the corresponding methods with coupled and wave propagation effects. These and other methods with the classical background defined by both the hypothesis H1 and GIEs (3.29) and (3.30) (see, e.g. Dinzart and Sabar, 2011; Levin et al., 2011; Lu et al., 2011; and referenced in Buryachenko, 2014c) are based on estimation of the average field and polarization tensors inside the heterogeneities rather than outside ones. Exploiting of the new background (3.25) and (3.26) is accomplished by straightforward generalization of the approaches of Sections 7.1 and 7.2 taking the unified notations (7.13)-(7.16) into account.
Composites with nonlocal elastic properties of constituents
We consider a nonlocal uncoupled elastic constitutive Eq. (2.8) (L ¼ 1) with material parameters subjected to the following symmetry regulations
K ijkl ðx; yÞ ¼ K klij ðy; xÞ; c ij ¼ c ji (see, e.g., Kunin, 1967; Kröner, 1970; Kröner and Datta, 1970 where the Macauley brackets fÁg denote the positive part, defined as fxg ¼ maxð0; xÞ. An initial step of micromechanical models is a solution for a single heterogeneity inside an infinite matrix subjected to a homogeneous remote loading (see, e.g., a comprehensive reviews by Gutkin, 2006; Maranganti and Sharma, 2007 ; and also Buryachenko, 2011c) . It was demonstrated that for the different nonlocal models (involving either spatial integrals or gradients of field), the fields are non-uniform inside the homogeneous ellipsoidal inclusion even for the homogeneous remote loading. The detected inhomogeneity indicates on a violation of the hypothesis H1b (5.33) and, as a consequence, instills confidence (see Section 5.3) in the expected large differences of effective material and field parameters estimated by the use of Eqs. (3.28) and (3.30). Indeed, in the framework of the hypotheses H1, H2b, and H3 for the classical GIE (3.30), the local statistical average stresses Sharma and Dasgupta, 2002; Xun et al., 2004; Zhang and Sharma, 2005) that was performed by the iteration method of solution of the corresponding volume integral equation. It was demonstrated that for the circle inclusions c ¼ 0:65 and a k =a ¼ 0:5 (7.19), the local statistical average stresses hri i ðxÞ (x 2 v i ) (5.10) depend on both the RDFs and the size of excluded volume v 0 i and can differ by the sign from the analogous estimations obtained by the classical methods MEF and MTM. In so doing, the difference of the effective moduli L Ã estimated by the use of GIEs (3.28) and (3.30) is not significant. The fundamentally new effects mentioned above were detected just to due consideration of one sort of stress inhomogeneity caused by nonlocal constitutive law (7.17), (7.19). It is expected that investigation of other sources of stress inhomogeneities inside the inclusions (such as, e.g., non-ellipsoidal shape of inclusions, its binary interactions corresponding to the hypothesis H2a, imperfect interface conditions, violation of the hypothesis H3) will lead to discovery of additional new effects in the case of the use of the new GIE (3.28) instead of the classical GIE (3.30).
It should be also mentioned that the estimations of the second moments of fields inside the phases can be obtained by both the perturbation method and the method of integral equations analogously to the thermoelastic problem with local constitutive laws of constituents (see Section 7.1). So Buryachenko (2011b) has formulated a theory of thermoelastic composites with nonlocal properties of constituents at the similar level of generality as Hill (1963a) and Dvorak and Benveniste (1992) (see also Dvorak, 2013) whose micromechanical theories for composites contain only constituents with local elastic properties. Buryachenko (2011b) proposed the nonlocal counterpart of the corresponding equation by Levin (1967) for composites with local mechanical properties (see Buryachenko, 2007a) . The new integral Eqs. (6.10), (6.11) and (6.13), (6.14) make it possible to estimate the second field moment inside the inclusions x 2 v i and matrix x 2 v ð0Þ , respectively. Exploiting of these equations for composites with the nonlocal mechanical properties is a straightforward generalization of corresponding evaluations considered in Section 7.1.
Wave propagation in composites
We study a monochromatic elastic wave of frequency x that propagates in a composite medium with the local elastic properties LðxÞ; aðxÞ and the mass density qðxÞ (2.8) and (2.10) while fðxÞ; suðxÞt; srðxÞt Á nðxÞ 0. If the dependence of time t is defined by the factor expðixtÞ, the displacement field u i in the medium has the form u i ðx; tÞ ¼ u i ðxÞexpðixtÞ, and amplitude u i ðxÞ of this field satisfies the following wave motion equation (see, e.g., Willis, 1980) Willis, 1980; Buryachenko, 2007a; Kanaun and Levin, 2008) Buryachenko (2007a) (see also Kanaun and Levin, 2008) by the Fourier transform method in the framework of Hypotheses H1, H2a, and H3. Generalization of the mentioned approach to the abandonment of the indicated hypotheses can be performed as in Section 7.1.
Fundamentally new effects of using of the static counterparts of GIEs (7.22) and (7.23) were detected (see Sections 7.1 and 7.2) for any problem and method providing estimation of inhomogeneous stress distributions inside inclusions (such as, e.g., nonellipsoidal shape of inclusions, its binary interactions corresponding to the hypothesis H2a, imperfect interface conditions, violation of the hypothesis H3). All these sources of the stress inhomogeneities and their impacts on the estimated effective material and field parameters are also valid for GIEs (7.22) and (7.23). However, there is an additional reason of stress inhomogeneity inside inclusions which is absent in all static problems and intrinsic in basic wave motion phenomena (7.20) and (7.21) even for a single (c ¼ 0) homogeneous ellipsoidal inclusion v i subjected to homogeneous effective field eðxÞ const. (x 2 v i ). Namely, even in such a case, the fields of the strain eðxÞ and displacement uðxÞ are inhomogeneous inside the inclusion (see for details, Kanaun and Levin, 2008) , and, therefore, for the composite materials considered the hypothesis H1b is never valid even in the framework of the hypotheses H1a, H2b, and H3. Thus, a wave motion counterpart of results considered in Section 7.1 does not hold in general.
A popular transformation of analogs of Eq. (7.24) (widely used also for statistically homogeneous media) to the correct approximate Eq. (7.23) is performed in a spirit of the scheme (3.39) (see, e.g., Willis, 1980; Fokin and Shermergor, 1989; Levin et al., 2002; Kanaun and Levin, 2008; Chen and Shen, 2007) . A wave motion counterpart of the EMM (5.69) (see for references Kanaun and Levin, 2008 , where the different versions of the EMM can be also found) along with its static case (5.69) can also be considered as a truncation of the corresponding GIE (7.24) (or (7.23)). Furthermore, a dealing only with one type of propagating of scalar waves (e.g. electric waves) significantly simplifies analysis of corresponding equations which coincide to within notations with Eqs. (7.20) and (7.21) where the tensors of the forth (L) and first (u; d) orders should be formally replaced by the tensors of the second order and the scalar, respectively (see for references Kanaun and Levin, 2008) . All comments mentioned with respect to Eqs. (7.22)-(7.24) for elastic waves propagation also remain in force for the scalar wave problems. Generalization of GIEs (7.22)-(7.24) to the consideration of coupled effects (e.g. electromagnetic waves, electromagnetic and elastic waves in thermo-magneto-electro-elastic composites, see, e.g., Chen and Shen, 2007; Lu et al., 2011; Levin et al., 2002) is straightforward: we only need to extend the block's structures (7.25) by some further blocks corresponding to the appropriate coupled phenomena (7.15) and (7.16 ).
An upsurge in interest in wave propagation phenomena has been prompted by the recent proliferation of metamaterials (in both the theoretical and practical senses) which are no more than the composites exhibiting exceptional frequency electromagnetic, optic and mechanical responses not readily observed in nature. Metamaterials are artificially engineered periodic or random microstructures displaying strong resonance behavior at frequencies at which the inclusions themselves and the distances between them are small which can possess simultaneously-negative dielectric constant and magnetic permeability in the context of electromagnetics, and negative effective mass density and negative elastic constants in the case of elasticity. The original design of metamaterials is the combination of metallic split ring resonators and metallic rods, which realize the negative permeability and the negative permittivity, respectively, while in succeeding years it was performed experimental or/and computational investigations of different inclusion shapes (e.g. silver dendritic cells, U-shaped nanostructures, sphere-rod structures, split hollow spheres) and its microstructure (e.g. coated structures), see Ding and Zhao (2011) , Gong and Zhao (2012) , Gordon and Ziolkowski (2008) , Liu et al. (2008) and Varadan and Kim (2012) . The most popular methods of effective properties estimations are numerical homogenization for periodic structures and EMM (see Section 5.4, (5.69)) of random structures of spherical coated nanoparticles (e.g. Gordon and Ziolkowski, 2008; Kussow et al., 2008; Wani et al., 2012) . However, application of the new GIE (7.22) instead of the classical one (7.23) opens the new avenue of attack on the metamaterial's investigations. Namely, metamaterials exhibit unique opportunity for simultaneous display of a few sources of field inhomogeneities inside the inclusions (coated structure, noncanonical shape, nanoscale size, imperfect interface, wave motion phenomena) violating the hypothesis H1b even in the framework of the hypothesis H1a. In such a case all results mentioned in the preceding Sections 7.1-7.5 are expected to be manifested for the metamaterials even more dramatically than for the conventional composites considered before.
Conclusion
The operator forms of solutions of GIEs are proposed for the general cases of local and nonlocal problems, static and wave motion phenomena for composite materials with periodic and random (statistically homogeneous and inhomogeneous, FGM) structures containing coated or uncoated inclusions of any shape and orientation with perfect and imperfect interfaces and subjected to any number of coupled or uncoupled, homogeneous or inhomogeneous external fields of different physical nature. Estimations of the effective properties and both the first and second statistical moments of fields in the constituents of CMs are presented in a general form of perturbations introduced by the heterogeneities and taking into account a possible imperfection of interface conditions. The methods proposed (see Eqs. (4.17), and (5.3)-(5.5)) allow one to completely abandon the hypotheses H1 and H3 while the hypothesis H2 can be used for multiparticle generality. It opens a dramatic extension of opportunities for exploiting in analytical micromechanics of tools of computational mechanics explosively progressing nowadays (especially in front of nanotechnology challenges). Moreover, modification of the renormalized terms (compare new Eqs. (5.22) and (5.25) with the classical equations (5.60)-(5.63), and (5.65)-(5.68), respectively) makes it possible to capture the fine effects (e.g. a field inhomogeneity inside inclusions) which can be only estimated by the advanced computational methods. For example, it is expected that the greater inhomogeneity of the field concentration factor for a single heterogeneity inside infinite matrix leads to the greater difference between the new and classical approaches with the possible change of sign of predicted local fields (see for details of some particular cases in Buryachenko, 2010b Buryachenko, ,c, 2011b Buryachenko, ,c, 2013 Buryachenko, , 2014c Buryachenko and Brun, 2011 , 2012a ,b, 2013 .
It should be mentioned a few meaning of the term generality in the context of evaluation of significance of the new approach. The first meaning is that the operator form of GIEs (3.25) and (4.17) generalizes the corresponding GIEs for the different particular cases of constituent equations considered in Section 7. The second meaning of generality of the new approach is demonstrated even for both the particular constitutive equations and partial perturbator representations. For example, for the locally elastic phenomena (7.1)-(7.3) with Green's function representations (3.4)-(3.6) of the perturbators, the new GIEs (3.27) and (3.28) are more universal than the old ones (3.33) and (3.34), respectively, obtained at the assumptions H1b ((3.31) and (3.32) or (5.49) and (5.50), respectively). Moreover, the Green function technique for the mentioned case is just a particular tool for representation of a solution for the inclusion interaction problem. In so doing, a more general expression for this solution in terms of perturbators (3.1)-(3.3) with a subsequent use in Eqs. (3.19) and (3.20) has the additional interesting advantage with respect to Eqs. (3.29) and (3.30) because there is no reason to the questionable caring out from the statistical brackets of some deterministic function as in Eqs. (3.31) and (3.32). However, both the generality and novelty of GIEs obtained (see Eqs. (3.19), (3.20), (3.25), (3.26) , and (4.17)) provide not only the theoretical interest but also the critical practical benefits (see Figs. 1 and 2) .
A fundamental limitation of GIEs proposed in this paper is defined by the differential form of basic equations of continuum mechanics presented in Section 2.2. In contrast to these classical local and nonlocal theories, the peridynamic equation of motion introduced by Silling (2000) (see for references and details Silling and Lehoucq, 2010 ) is free of any spatial derivatives of displacement (in the case of elasticity theory counterpart). The basic feature of the peridynamic model is a continuum description of a material behavior as the integrated nonlocal force interactions between infinitesimal particles. Generally in peridynamics, the state-based approach describes a material behavior when every material point interacts simultaneously with all other material points within its finite radius horizon via a response function that completely describes the interaction. This might be an attractive feature especially for the problems involving discontinuities in the deformation process. Unfortunately, the background concepts of analytical micromechanics (see, e.g., the current paper for references) such as the effective moduli, effective fields, and especially the GIEs are not yet defined in the theory of random structure peristaltic CMs. Buryachenko (2014a,b) attempted to define these notions, concepts, and the corresponding equations. In so doing, the GIEs obtained in both Section 3 and Buryachenko (2014a) are formally very similar that opens a way for straightforward expansion of analytical micromechanics tools to the new area of random structure peridynamic CMs. However, more detailed consideration of this prospective direction is beyond the scope of the current paper.
